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WEAK COMPACTNESS IN L'(A) AND
INJECTIVE BANACH SPACES

BY
S. ARGYROS

ABSTRACT

The isomorphic embedding of the Banach space !'(I') into injective Banach
spaces is investigated.

Introduction

In the present paper we study the isomorphic structure of injective Banach
spaces and in particular we prove some results concerning the following
Rosenthal’s problem.

ProBLEM. Let X be an injective Banach space with dim X = a.
(@) Is a” =a?

(b) Is I'a isomorphic to a subspace of X?

(c) Is X* isomorphic to (Z, 5 L'{0,1}),?

As we have proved in [2] questions (b) and (c) are equivalent and a
consequence of the results of this paper is that (b) implies (a). So what we need in
the above problem is an answer about the possibility of embedding of I'a into X
where dim X = a. In this direction we prove in §2 (Theorem 2.8) that if an
injective Banach space X contains /'a, for a sequence {a,}:-, =1 of cardinals,
then X contains also I'a“ where a = sup{a.}. A consequence of this result is an
affirmative answer in Rosenthal’s problem for all injective subspaces of L™(u)
for u finite measure.

A basic tool for the proof of this theorem is a result (Lemma 2.1) about the
structure of weakly compact subsets of L'(A) for some measure A.
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§1. Preliminaries

Let X be a Banach space and Y be a subspace of X; we say that Y is a
complemented subspace of X if there is a bounded projection P from X onto Y,
i.e. P is a bounded linear operator with P(y)=1y for all y € Y.

A Banach space Y is injective if whenever Y is a subspace of a Banach space
X there is a bounded projection P: X — Y.

Let T: X — Y be a linear bounded operator between the Banach spaces X
and Y. We denote by T*: Y*— X* the conjugate operator of T. A Banach
space Y is isomorphic to a subspace of a Banach space X if there is a bounded
linear operator T': Y — X one-to-one with closed range.

Let €} be a compact space. By C(2) we denote the Banach space of continuous
real functions on {) and M (Q}) the Banach space of regular Borel measures on (2.
Via Riesz represent theorem we identify the M(}) with C(Q)*.

For a set I we denote by u, the product measure which is defined on the
product space {0, 1} from the family {u, : i € I} where u, ({0}) = w: ({1}) = 3 for all
iel

For each 1= p =« we denote by L*{0,1}' the space L”(u;). Let I# @ be a
set; the Walk functions T1, on C({0, 1}") are defined for each finite subset M of I
in the following way: for the empty set we set [Ix(x) = 1 for all x € {0, 1}'; for a
iel weset Iy(x)=1if x(i)=1 and IT;;(x) = — 1 otherwise. If M is a finite
subset of I we set Iy = ier ;). Let 1=p = and A be a subset of I; we
denote by E%: L*{0,1} — L*{0, 1}" the conditional expectation projection. The
operator E, is alternatively described as follows: if A = (J then

Ex(f) = ( f fdp,) ng;

if A £ for q such that 1/p +1/g =1 we set I,: L{0,1}" - L{0, 1}’ to be the
usual embedding, then

E,=IX

LP{0,1}1.

Given a set I, ¢o(T') denotes the Banach space of all real valued functions f
defined on T such that for £ = 0 there is a finite subset F of I with |f(y)| < ¢ for
all y €T'\F with the supremum norm; ['(I') denotes all elements of co(T') for
which =, [f(y)] <o with || f|| = £,er| f(v)| and I7(T) is the space of all bounded
real valued functions.

By the canonical or usual basis of ['(T') (resp. ¢o(T')) we refer to {e, :y €T}
where e, (8)=1if y = 8 and e,(8) = 0if y# 8. A subset {b, : y €'} of a Banach
space X is said to be equivalent to the canonical basis of ['(l') if the
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correspondence T :{e, :y ET}—{b, : y €T} defined by Te, = b, for y €T can
be extended to an isomorphism of ['(l’) with the closed linear span of
{b,:y €T}

Let {b, : v €T} be a uniformly bounded family in a Banach space X; then it is
equivalent to the usual basis of ['(') iff there is a 8 > 0 such that for every finite
choice y), -, 7. of index pairwise difference and r,,rz, - -, 1. real numbers it
follows that

®

z ribyi

i=1

=z BiZ_llr,-[.

Let {X;: ] i € I} be a family of Banach spaces and p =0, 1, © then we denote by
(Zier @ X.), the Banach space of all functions x = (x; : i € I) with x; € X; and
the real valued function (||x:||: i € I') belongs respectively to [?(I)if p =1, or ®
and co(I) if p=0.

A compact space () is called extremally disconnected if for every open U
subset of Q) the set U (the closure of U) is also open. For a compact space () we
set S({) to be the smaller cardinal « such that every family of non-empty open
pairwise disjoint open subsets of  has cardinality less than k. Also, for a Banach
space X we set 2(X) to be the smaller cardinal x such that every weakly
compact subset of X has cardinality less than «. It follows from a result of
Rosenthal in [9] that for every compact space Q, 2(C((})) = S().

Given an infinite cardinal a, its cofinality, denoted cf(a), is the least cardinal 8
such that « is the cardinal sum of B many cardinals each smaller than a. A
cardinal « is regular if « = cf(a). The least cardinal strictly greater than B is
denoted by B*. A cardinal « is successor cardinal if it is of the form a = 87 for
some cardinal B8; the cardinalty of the natural numbers is denoted by w. The
cardinality of a set A is denoted by |A|.

We denote by P(a) (resp. P.(a)) the set of subsets of a (resp. the set of
subsets of @ of cardinaltiy less than « ). The cardinality of ?(«) is denoted by 2*
and the cardinality of ?,.-(a) is denoted by a*. If a, « are cardinals, then « is
called strongly « inaccessible if B* < a for any B < a and A < «. If in addition
a >« then we write @ >k (or k < a).

For set-theoretic background we refer the reader to [3].

We make use, in the following, of the next two infinite combinatoric results of
Erdés-Rado and Hajnal, respectively.

1.1. THEOREM. [4]. Let a, « be cardinals such that « is regular and o > k and
f:a— P.(a) be a function. Then there is a set A subset of a with |A|= a and
N C « such that for every £, # £.€ A, f(£)Nf(&)= N.
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1.2. THEOREM. [5]. Let @, « be cardinals with « >« and f : a - P (a) be a
function. Then there is a set A subset of « with |A|=a and if £, # &€ A,
6 E f(&2)

§2. This section is devoted to the proof of the main result of this paper. We
start with the following lemma about the structure of the weakly compact subset
of L'(\) spaces.

2.1. Lemma. Let (S,Z, 1) be a space of probability measure and « be an
infinite cardinal. Let, also, K be a relatively weakly compact subset of L'()), with
|[K|=a, 0<|lx[|< 8 for all x € K. Then there is a measure A in L'(\) such that
|A|= 6 and foreach A € Z with A\(A)>& >0 thereisa A C K with |A| = a such
that (x|(A)>¢ for all x € A.

Proor, Since the set K is relatively weakly compact so is the set L =
{|x|: x € K}. (Indeed, this happens iff K is uniformly absolutely continuous, see
Dunford Schwartz.) Now we claim that there is a measure A in L'(A) such that
|[LNU|=|L]| for every weak neighborhood U of A; otherwise we can find a
finite set {A,}7., of elements of L and {U}/-, such that each U, is weak
neighborhood of A, |U; NL|<|L]| and L c U, U, a contradiction. So the
claim is correct and we easily verify that the measure A has the desired
properties. The proof is now complete.

2.2. LEMMA. Leta be a regular o* inaccessible cardinal and {u., :y €T} be a
family of finite positive measure. Assume that

(S oLiy) ~(orw))

éE<a

is an isomorphic embedding with |T™'|"'= @ and | T|= 1. Then thereisa A C «
with |A| = a and a family {A; : ¢ € A} of pairwise disjoint subsets of ' such that if
A = UéE/\ Ag then

PeT: (T OL0,1F) (T OLwW)),

£EA

is an isomorphic embedding with ||(Ps° T)'([* = 6/2 and for £, # &, elements of
A we have that
PuoT(x)=0  forall x € L {0,1}

Proor. For each £ <a we set M, be the countable subset of I' such that
T(L{-1,1}*)> E,em D L'(1,)). For the family {M, : £ <a} we apply the
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Erdds-Rado A systems lemma and we choose A; C & with |A;|=a and M CT
such that M, "M, =M for £, # & in A, If M = then setting A;=A and
M, = A, we have the desired result.

Assume now that M# (J and for each £ € A, we set A, = M, — M. We claim
that there is a most countable set A, subset of A, such that if £ € A\ A; then for
each x € Ly{~1,1}* with |x||=1, || Py, o T(x)|[= 6/2 holds.

In fact, assuming the contrary we choose an uncountable family {{, : 0 < @’}
of elements of A, and foreach o0 < @™, x,, € L {— 1,1} such thatf{x, | = 1 and

6
IT(xe) = Pro T(x ) <.

But, since the family {T(x.,): o < @’} is equivalent to the usual basis of l'w”
with constants 1 and 6, the same is true for the family {Py° T(x,,): 0 < @'} with
constants 1 and /2. So I'(w ™) is contained isomorphically in (£,cn @ L'(1,))1, 2
contradiction, since M is countable. So the claim is correct and setting A = A\ A,
we easily verify that this set satisfies the conclusion.

2.3. LEMMA. Let {u, :y € [} be a family of finite measures and {a, : n < w}
be a strictly increasing sequence of regular o inaccessible cardinals such that the
following holds: there is 8 >0, a real number, such that for every n < w there is

(T @ron) »(3erw)

¢<a, y€ETl

isomorphic embedding with || T,||=1 and | T, = 6. Then there is a sequence

{¢,62," &n - :n<w} and a sequence {A, Dz - -, A.:n<w} of pairwise
disjoint subsets of I such that
(l) §'l < an,

(i) Pa,oT.:L{0,1} > (Z,ca, B L'(1,)) is an isomorphic embedding with
1(Pa, e T) ' 2 012,
(iii) if n,# n, then P,, o T, (x)=0 for all x € T.(L¢, {0, 1}*).

Proor. For every n < w, using Lemma 2.2 we choose A, C «, and a family
{A7: & € A} such that A7, N AL = for all £ # & in A, and for A, = U,c,, Al
the map

Pt 3 LU0, 1) > (5 &Lw))

EEA, vyEA,

is an isomorphic embedding with [|[(Pse T,)™'| = 6/2 and

P.o T, (L0, 1) (2 ® L)) .
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Inductively we choose {£,:n <} such that £ € A, and if n,<n,<w then
A, "M, =0, M, NA, = where M, denotes the countable subset of
on which the space T.(L:{0,1}*) depends.

It is easy to verify that the sequences {£,:n <}, {Af,: n < w} satisfy the
conclusion and the proof is complete.

2.4. REMARK. If for the previous sequence {¢, : n < w} we define an operator

(S oL »(ZeLrw)

n<w

by the rule T(x.: n <w)=Z..,T.(x.), then it is obvious that T is an isomor-
phism with | T|[=1 and | T™'||"' = 6/2.

2.5. Lemma. Let S be an extremally disconnected compact space and
{U,, Uy, -+, Un,+ - - 1 1 < w} be a sequence of pairwise disjoint clopen sets of S and
{A, g, 0 Ay, -t n < w} a sequence of positive measure in M(S). Then there is a
subsequence {U,, U,, -+, Un, -k <w} such that LU U\l U, =
0 for all n < w.

Proor. For A C w we denote Wa = U,c. U\ U,.ca U.,. Since S is extrem-
ally disconnected A N B =& implies that W, N W5 = and obviously the
same holds if A N B is finite. Let {A, : £ < ©'} be an almost disjoint family of
infinite subsets of N. Then for each n there are at most countably many ¢’s such
that A, (W, )# 0. Hence there is ¢ such that A,(W,)= 0 for all n.

The following result is contained in [2] (theorem 5.1).

2.6. THEOREM. Let a be an w* inaccessible cardinal with cf(a)>w and
{x; : £ < a} be a family of norm one elements of L™{0, 1}* with || x, — x5||> 6 >0.
Then there is an A C a with |A|= a and a family {y.:n € A} of elements of
L~{0,1}* such that

(i) for each n € A there are {1y, Ema SUCh that Y, = X1 — X¢2)-

(i) if ¢y, -, C. are real numbers and n,# - - - # n, are elements of A, then

2.7. LemMA. Let S be a compact extremally disconnected space and X a
complemented subspace of C(S). Let, also, {a, a2 ", an " :n <w} be an
increasing sequence of regular w* inaccessible cardinals and a = sup{a. : n < w}.
We denote by P:C(S)— X a projection onto X and assume that there is
{U, Uy -+, U, -:n<w}, a sequence of clopen mutually disjoint subsets

0 &
émzl‘ciI,
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of S, T :Cusai@LY{-1,1})—X* isomorphic embedding &>0 and
{K,,K3,- -, K, -+ :n<w} such that

() K.isa weakly discrete subset of the unit ball of L '{0, 1}*- with | K| = a, and
K, U {0} is weakly compact,

(i) for each n < w and x € K,

[P*o T(x)|(U,)> 8.
Then X has a subspace isomorphic to I'a®.

Proor. For each n<w we choose a measure A, € M{(S) such that
P*>T(L'{-1,1}*) is contained in L'(A,) and using Lemma 2.5 we fined
{U,,U,, -, U., - :x <w} such that MU UANUZL UL =0 for all
n <w. For simplicity we assume that this happens for the sequence
{U,,Uz,---,U,.,---:n<w}.

Let n < w fix and {x}: ¢ < a,} be a well-order onto the set K,. Since for each
£ <a,, |[P*oT(x})|(U,)> 8, there is an f7 such that

@ lfl=1,

(ii) support (f5)C U,

(iii) [ fid(P*o Tx)> 6.

Also, since the family {x;:¢ <a,} is weakly discrete and has one point
compactification, the element 0 € L'{ - 1, 1}*- we have that for each ¢ < a, the
set {f;: [ fed(P*° Tx}) # 0} is at most countable. So using Hajnal’s theorem we
pass to a A,C A, with |A}|=a, and for ¢ # £ € A,

[ fra@=emxzy=0

holds. Now, let T*: X — (22, L~{ - 1, 1}*»).. be the restriction of the conju-
gate of T onto the space X. Also, in the rest, we denote by

P (S ®LA-11m) > L-1,1p
n=1 ©
the usual projection.
Using finite induction we choose a sequence {L,, L2, -,L,,--:n <} such
that [L,|= a, and with the following properties:
() L.={gn:0 <a,} where

go= fiwn— fiwn

and for o, # 0, # - - - # o, finite choice of index and ¢y, - -, c. real numbers

2PIY lal=|S agt

5 &
éﬁ;f&!.
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(ii) For n >1 setting

I ={¢ <a,:3n,<n and g2 € L, such that
P, o T*° P(g7)depends on the coordinate ¢}

it follows that
E7oP,oT*-P(g)=0  forallgi€L,
(iii) For n >1 and n, <n we have that
P,oT*P(gn)=0 forallgi€l,

Let n > 1 and assume that for all k <n, L. has been constructed. (The case
n =1 is similar and more simple.) We consider the family

{P,oT*P(f}): £E A}
and we observe that if & # &, then

B, T P(E - )2
®
2 |[ fd®- TN~ [ fud®roTG1)| > 5

Also, since a, > 2y .a, and a, is regular o™ inaccessible cardinal there is a
ALC A, such that |AL]=]A.| and for £, & € A}, k <n the following hold:

(a) P.oT*eP(f3)=P.oT*P(f3),

(b) EzoP,oT*sP(fi)= EzoP,o T*P(fL).
For the family {P,* T*< P(f7): ¢£ € A.} we apply Theorem 2.5 and we choose a
set L, such that |L,| = a. and L, satisfies the inductive assumption (i). From (a)
and (b) it follows that L, satisfies, also, assumptions (ii) and (iii) and so the
inductive construction is complete.

Let {A;: £ <a“} be a subset of the set II,.,L. such that for §{;, <& <a®,
Hn<w:Agn)=Ay(n)} < o.

Each A, has the form

{gf’...,gf"...:n<w}

where g is supported by the clopen set U,. We set g, to be the usual extension
of the above sequence to an element of C(S) such that g.(s)=0 for all
s € $\U. .., U.. We claim that the family {P,, : ¢ <a”}is equivalent to the usual
I'a® base. In order to prove this we remark first the following auxiliaries:
(a) For n <o and £ <a®, denoting g¢(n) =g | S\Ui.,; U; we have that

P.oT*P(gf(n))=0.
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In fact, let w € L0, 1}*-. Then

[ PooT e Pt = [ g(m)aP"e T(w)

=fg5(n)dp1+fg§(n)duz

where p,=P*oT(u)| UL, U and w,=P*oT(x)|S\U/-, U, and since
P*oT(u) is absolutely continuous with respect to the measure A, and
gf(n)] U, U.= 0 we have that

J gf(n)du.=0.

Also, from the regularity of u, we have that

K k
> gidus=lim ZJ g sdps.
j=n+

j=n+1

jgg(n)dulﬂig;f

but

[ siau= [ grapro 1) = [ Po T PGgHau =0,

The last equality holds from the inductive assumption (iii).
(b) If x = o[, + - - + .l is an element of L'{— 1,1} and J C I, then if
we set

y =2 {adly, : M2 J},

Iyl =2|lx| holds. In fact, if
ENMLY-1,1¥ >LY{-1,1¥

is the conditional expectation, then y = (I — E}) (x) and so
Iyl =I1-E3| x| =2[lx].

In order to prove that the family {P,, : ¢ <a“} is equivalent to the usual base of
I'a“ itis enough to prove that the family {T* > P(g;): £ < a“} has this property.
Let £, < &< <§ <a® and r, 1y, - - -, 1. be given real numbers, and £ > 0.
Then there is n < @ such that {g5:j=1,---,«x} are pairwise different and so
there is a x € L'{— 1,1} such that |[x]|=1, x = a,1lp, + -+ + .11, and

3 “oT*o & ——8— 3 | —
'fi;r,E,, T*oP(g,)dx 2172,21'” £
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Weset y = 2{a;Ily, : MiZ I.}. Then by inductive assumption (ii) we have that

jP,,oT*oP(gf.")dx =f P,oT*oP(gdy forallj=1,2--- .
Also, g, = Z/-,gf{i+ g%(n), so using the previous (a) and (b) we have

1 x n=1 '
iz‘glr,» P,.°T*°P<; gf’) dy

"Z1 rT*P(g)
+> r,f P.oT*oP(giydy + > 1, | P.o T*OP(gg"(n)dyl
j=1 ji=1

_1s o T*o § RN _£
—21121%]?" T P(gn)dy,é354;!rf! >

and the proof is complete.
We need, also, the following easy result of the cardinals arithmetic.

2.8. LEMMA. Let « be a cardinal such that « > 2 and a«® > . Then there is a

w

cardinal B such that B is o” inaccessible, cf(8)= w and B* = a”.

Proor. We set B =min{y:y=aqa, y* = a}. Since a« >2* it follows that
B >2“ and B is w" inaccessible, and we easily verify that cf(8) = w.

2.9. THEOREM. Let X be an injective Banach space and {a;, o, -,
a, - :n<w} be a sequence of cardinals such that l'a, is isomorphic to a
subspace of X for all n <w. Then setting a =sup{a, :n <w}, X contains
isomorphically a copy of the space 1'a®.

Proor. If a =2 then the result follows from Rosenthal’s theorem, that ["w
is isomorphic to a subspace of X[10].

Also, if a” = « then there is a n, such that o, = . So we assume that o >2*
and @ > a; and from Lemma 2.8 we can consider that « is ” inaccessible
cardinal and cf(a)= w. Let {B, B2, Bn - :n <w} be a strictly increasing
sequence of regular »” inaccessible cardinals with sup... 8. = a. Since 8. < a
we have that I'B, is isomorphic to a subspace of X. Furthermore, from [6], see
also [7] theorem 2.e.3, it follows that !'B, is (1 + ¢)-isomorphic to a subspace of
X for all ¢ >0. So from [8] there is an isomorphism

T, :( S L, 1}%) X
£<a, 1

with |[T||=1and |T7"| 'z}
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Let S be an extremally disconnected compact space such that X is a
complemented subspace of C(S) and P be a projection onto X. Let, also,
{u, : ¥ €T} be a family of finite positive pairwise singular measures in M'(S)
such that

MS)= (S DL'W,) .

For the family of operators

P 3 @Lio ) » (I erw))

{<ay,

we apply Lemma 2.3 and we find sequences {{, : n < w}, {A, : n < w} such that
the conclusion of Lemma 2.3 be satisfied. So if we set T=2,.,P T, A=
U.-. A, then the operator

Pepte T (SOLL0P) > (5 OL'W,)

is an isomorphism and for every n <

PaoPTo L0, 1) (3 @ Lwy)) |

Let K, ={lIn: M€ P,(B.)} be the weakly discrete subset of L'{0,1}* and
since K, U{0} is weakly compact, it follows that there is a measure A, €
(Z,ea, B L'(p,)) such that the set

{PyoP*T(lln): M E P, (B.)}

and the measure A, satisfies the conclusion of Lemma 2.1. Since the sequence
{A. : n < w} is equivalent to the usual base of /'w from Grothendick’s theorem,
there is a sequence {U,,, U,,, - - -, U, : k < w} of pairwise disjoint clopen subsets
of § and & >0 such that A, (U, j> 4.

Applying now Lemma 2.1 for every k < w we find K, C K, with |K/ |= B,
such that for every Ily € K, '

[P*o T(Ilm)|(U.,) > 8.

So from Lemma 2.7 it follows that '8 is isomorphic to a subspace of X and the
proof of the theorem is complete.
An immediate consequence of Theorems 2.5 and 2.8 it the following.

2.10. CoroLLARY. Let X be an injective subspaceof L™(n) for some finite
measure p with dim X = a. Then |'a is isomorphic to a subspace of X.
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Proor. If dim X =2 then the result follows from the isomorphic embed-
ding of I"w.

If dim X = a >2* then either a is w* inaccessible cardinal, or there is a
cardinal 8, w” inaccessible with cf(8) = w and B“ Z a. So applying Theorems
2.6 and 2.9 we get the desired result.

Also, from Theorem 2.8 follows the next

2.11. CoroLLARY. If X is an injective Banach space with dimX = a and l'a
is isomorphic to a subspace of X then a” = a.

2.12. Remark. From the last corollary it follows that in problem 7 of [9] (b)
implies (a). In [1] we have also proved question (a) under the G.C.H. Finally in
[2] we have proved the equivalence of questions (b) and (c).

2.13. RemMark. What we need for the proof of Theorem 2.8 is that the space
X is a quotient space of a space C(S) with S w-complete space (i.e. there is a
basis for the topology of S such that if {U,, U,,+--, U, - -:n < w} are basic
open sets, then U._.U.is also open).

2.14. ReEMARK. In the case where X is isomorphic to the space C(§)for § an
extremally disconnected compact space, there is a complete affirmative answer
in Rosenthal’s problem. In fact, recently Balcar has proved that every such space
S can be mapped continuously onto the space {0, 1}** and so I'a is isomorphic
to a subspace of C(S) where a = w(S).

For an arbitrary injective Banach space X with dim X = a we know that /'« is
isomorphic to a subspace of X, if X is isomorphic to a conjugate Banach space
Y*. The proof of this result will appear elsewhere.

In the following theorem we summarize all the results which we know
concerning the possibility of embedding !'a into an injective Banach space X
where dim X = a.

2.15. THEOREM. Let X be an injective Banach space with dim X = a. If X has
one of the following properties, then l'a is isomorphic to a subspace of X.

(a) Xisisomorphic to C(S) for some S extremally disconnected compact space.

(b) Cardinals o and cf(a) are 2(X) inaccessible.

(c) There is a bounded linear operator T : X — L™(p) with u finite measure and
(dim T(X))* 2 a.

(d) There is a sequence {B1, B2 ", B * * * : n < w} of cardinals such that ' B, is
isomorphic to a subspace of X and 1l...B. Z a.
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(e) X is isomorphic to a conjugate Banach space Y*.
(f) There is a weakly compact K, subset of X*, with {(dens.K)” =z a.
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