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W E A K  COMPACTNESS IN L I(A ) A N D  
INJECTIVE B A N A C H  SPACES 

BY 

S. ARGYROS 

A B S T R A C T  

The isomorphic embedding of the Banach space /'(F) into injective Banach 
spaces is investigated. 

Introduction 

In the present paper we study the isomorphic structure of injective Banach 

spaces and in particular we prove some results concerning the following 

Rosenthal 's problem. 

PROBLEM. Let X be an injective Banach space with d i m X  = a. 

(a) Is a ~ = a ?  

(b) Is l~a isomorphic to a subspace of X ?  

(c) Is X* isomorphic to (E2-~)L1{0,1}~)1? 

As we have proved in [2] questions (b) and (c) are equivalent and a 

consequence of the results of this paper is that (b) implies (a). So what we need in 

the above problem is an answer about the possibility of embedding of 11o~ into X 

where d i m X  = a. In this direction we prove in §2 (Theorem 2.8) that if an 

injective Banach space X contains l~a,, for a sequence {0~,}7=1 = 1 of cardinals, 

then X contains also l~a'° where o~ = sup{a,}. A consequence of this result is an 

affirmative answer in Rosenthal 's problem for all injective subspaces of L~(/.t) 

for ~ finite measure. 

A basic tool for the proof of this theorem is a result (Lemma 2.1) about the 

structure of weakly compact subsets of L ~()t) for some measure )t. 
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§1. Preliminaries 

Let X be a Banach space and Y be a subspace of X ;  we say that Y is a 

complemented  subspace of X if there is a bounded projection P from X onto Y, 

i.e. P is a bounded linear operator  with P ( y ) =  y for all y E Y. 

A Banach space Y is injective if whenever Y is a subspace of a Banach space 

X there is a bounded projection P : X--* Y. 

Let T : X--* Y be a linear bounded operator  between the Banach spaces X 

and Y. We denote by T* :  Y*--~ X* the conjugate opera tor  of T. A Banach 

space Y is isomorphic to a subspace of a Banach space X if there is a bounded 

linear opera tor  T :  Y---~ X one-to-one with closed range. 

Let 12 be a compact  space. By C(fl)  we denote the Banach space of continuous 

real functions on t) and M(FI) the Banach space of regular Borel measures on 12. 

Via Riesz represent theorem we identify the M(I-I) with C(fl)*. 

For a set I we denote by /~i the product measure which is defined on the 

product space {0, 1} i from the family {p., : i ~ I} where/.t, ({0}) =/x, ({1}) = ~ for all 

i E L  
For each 1 =< p =< oo we denote by LP{0, 1} ~ the space LP(I~,). Let I ~  O be a 

set; the Walk functions IIM on C({0, 1}') are defined for each finite subset M of I 

in the following way: for the empty set we set l-l~(x) = 1 for all x E {0, 1}~; for a 

i E I we set IIt,~(x) = 1 if x(i) = 1 and I-l~,}(x) = - 1 otherwise. If M is a finite 

subset of I we set FIM = I I , ~  Ht~}. Let 1 =<p _<oo and A be a subset of I ;  we 

denote by E~ : LP{O, 1} ~ ~ LP{0, 1} A the conditional expectation projection. The 

opera tor  EA is alternatively described as follows: if A = O then 

if A / ~ for q such that l /p  + llq = 1 we set IA : Lq{O, 1} A---~ Lq{O, 1}' to be  the 

usual embedding,  then 

Ea = I*  ILp{O.l}'. 

Given a set F, c0(F) denotes the Banach space of all real valued functions f 

defined on F such that for e _-> 0 there is a finite subset F of F with If(3')l < e for 

all 3' E F \ F  with the supremum norm; / ' (F) denotes  all e lements  of co(F) for 

which Ever If(3')l < o0 with IlfU = Ever If(3')l and /~ ( r )  is the space of all bounded 

real valued functions. 

By the canonical or usual basis of I ' (F) (resp. co(F)) we refer to {G : 3' ~ F} 

where e , (3 )  = 1 if 3' = 8 and e , (3 )  = 0 if 3 '~ ~5. A subset {b, : 3' E F} of a Banach 

space X is said to be equivalent to the canonical basis of I~(F) if the 



Vol. 37, 1980 INJECTIVE BANACH SPACES 23 

correspondence T : {e, : 3' E F} ~ {b, : 3' E F} defined by Te, = b~ for 3' E F can 

be extended to an isomorphism of 11(F) with the closed linear span of 

{b, : y  EF}. 

Let {b, : 3' E F} be a uniformly bounded family in a Banach space X;  then it is 

equivalent to the usual basis o f / ' ( F )  iff there is a 0 > 0 such that for every finite 

choice y , . . . ,  yK of index pairwise difference and r,, r2 , "  ", r~ real numbers  it 

follows that 

~= r,b,, >-_ O ~ ] r, [ ~ 

Let {X~ :1 i E 1} be a family of Banach spaces and p = 0, 1, oo then we denote  by 

(22i~, • X , ) ,  the Banach space of all functions x = (x, : i  E I )  with x~ E X~ and 

the real valued function (Hx, I[:i E I )  belongs respectively to l"([)  if p = 1, or oo 

and Co(1) if p = 0. 

A compact  space f~ is called extremally disconnected if for every open U 

subset of 1"~ the set O (the closure of U)  is also open. For a compact  space 1"1 we 

set S (~ )  to be the smaller cardinal K such that every family of non-empty open 

pairwise disjoint open subsets of 1~ has cardinality less than K. Also, for a Banach 

space X we set ]£(X) to be the smaller cardinal K such that every weakly 

compact  subset of X has cardinality less than K. It follows from a result of 

Rosenthal  in [9] that for every compact  space fl, ]£(C(II) )= S(fl). 

Given an infinite cardinal or, its cofinality, denoted cf (a) ,  is the least cardinal/3 

such that a is the cardinal sum of /3 many cardinals each smaller than a. A 

cardinal a is regular if a = cf (a) .  The least cardinal strictly greater  than /3 is 

denoted by/3+. A cardinal a is successor cardinal if it is of the form a = 13 + for 

some cardinal /3; the cardinalty of the natural numbers  is denoted by w. The 

cardinality of a set A is denoted by I A I .  

We denote  by ~ ( a )  (resp. ~ , ( a ) )  the set of subsets of a (resp. the set of 

subsets of a of cardinaltiy less than K). The cardinality of ~ ( a )  is denoted by 2 ~ 

and the cardinality of ~ , . ( a )  is denoted by a ' .  If a, K are cardinals, then a is 

called strongly K inaccessible if/3 ~ < a for any/3 < ot and h < K. If in addition 

a > K  then we write a ' > K  (or K ' ~ a ) .  

For set-theoretic background we refer the reader to [3]. 

We make  use, in the following, of the next two infinite combinatoric results of 

E r d 6 s - R a d o  and Hajnal,  respectively. 

1.1. THEO~M. [4]. Let a, K be cardinals such that c~ is regular and a >> K and 

[:  ~ ~ ~ , ( a )  be a [unction. Then there is a set A subset of ol with [A [ = a and 

N C a such that for every ~1 ~ ~z ~ A,  f ( ~ )  A f(~2) = N. 
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1.2. T r m o P ~ .  [5]. Let a, ~ be cardinals ~vith o~ > K and f : a ~ ~ (a) be a 

function. Then there is a set A subset of a with I A I = ot and if ~ ~ ~2 E A,  

~1 ~ f(~z). 

02. This section is devoted to the proof of the main result of this paper. We 

start with the following lemma about the structure of the weakly compact subset 

of L1(A) spaces. 

2.1. LEMMA. Let ( S , ~ , # )  be a space of probability measure and ~ be an 

infinite cardinal. Let, also, K be a relatively weakly compact subset of L l()t), with 

I KI = ,~, 0 < IIx II < 0 for all x E K. Then there is a measure A in L I(A ) such that 

II A II --> 0 and for each a E ~ with A ( A )  > e > 0 there is a A C K with I A I = a such 

that Ix I(A) > e for all x E A. 

PROOF. Since the set K is relatively weakly compact so is the set L = 

{I x I: x E K}. (Indeed, this happens itt K is uniformly absolutely continuous, see 

Dunford Schwartz.) Now we claim that there is a measure A in L l()t) such that 

I L n U I = ILl for every weak neighborhood U of )t; otherwise we can find a 

finite set {;t,}7~ of elements of /_[ and {U~}?:~ such that each U~ is weak 

neighborhood of ;t,, IU~ A L l < I L l  and L C U~=, U,, a contradiction. So the 

claim is correct and we easily verify that the measure h. has the desired 

properties. The proof is now complete. 

2.2. LEMMA. Let a be a regular to ÷ inaccessible cardinal and {/z~ : y E F} be a 

family of finite positive measure. Assume that 

T:  (~< E)L~{0, I} ~) --* ( ~ r E )  Ll(/x~)), 

is an isomorphic embedding with II Z-'ll-' = 0 and II TII = 1. Then there is a A C a 

with I A I = a and a family {A~ : ~: E A} of pairwise disjoint subsets of r such that if 

A = U~^A~ then 

P , °  T : ( ~ ^ ~ )  L ~{O, 1}~) "-~ ( ~  * L ~(lx,)) I 

is an isomorphic embedding with II(e~o T)-'/1-1 _-> O/2 and for ~, ~ ~2 elements of 

A we have that 

P,,, o T (x )  = 0 for all x ~ L ~{0, 1}L 

PROOF. For each s r < a we set M~ be the countable subset of F such that 

T(L~e{ - 1, 1}~)~'-~ (E~u~ (~)L~(/z,))~. For the family {M~:~ < a }  we apply the 
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E r d 6 s - R a d o  A sys tems l e m m a  and we choose  A~ C a with fAll = a and  M C F 

such that Me, n Me2= M for  ~ : ~  ~2 in A~. If M = O then sett ing A~ = A and 

M e = A~ we have  the desired result. 

Assume  now that  M ~  • and for  each s c E A1 we set Ae = M e - M. W e  claim 

that there  is a most  coun tab le  set A~ subset  of A~ such that  if ~ E AI\A2 then for  

each x E L ~ { -  1, 1} ~ with fix I[ = 1, ][Pa, o r(x)ll_-> 0/2 holds. 

In fact, assuming the cont ra ry  we choose  an uncoun tab le  family { ~  : tr < to +} 

of e l emen t s  of  A, and for  each tr < to*, xe. E L~{ - 1, 1}" such that  tlxe. [I = 1 and  

0 
[1T(xe~) - PM ° T(xeo)[[ < ~ • 

But,  since the family {T(xe~): o < to+} is equivalent  to the usual basis of llto * 

with constants  1 and 0, the same  is t rue  for  the family {PM o T(xe~) : tr < to+} with 

constants  1 and 0/2. So It(to +) is con ta ined  isomorphical ly  in ( E ~  O L l(tz~))~, a 

contradic t ion,  since M is countable .  So the  claim is correc t  and  sett ing A = A, \ A2 

we easily verify that  this set satisfies the conclusion.  

2.3. LEMMA. Let  {/z~ : 7 E F} be a fami ly  of  finite measures and {a,  : n < to} 

be a strictly increasing sequence of  regular to ÷ inaccessible cardinals such that the 

following holds : there is 0 > O, a real number, such that for every n < to there is 

T,:( ~<~ ~)L'{O, 1}'~'°)1"--)(~r@L'(fx~.,))I 
isomorphic embedding with [I 7". [I = 1 and 1[ T :  111-1 = 0. Then there is a sequence 

{~:~, ~:2, • " ", so., " ' "  : n < to} and a sequence {A1, A 2 , "  ", A. : n < to} of  pairwise 

disjoint subsets o f  F such that 

(i) ~,, < o~., 

(ii) ea. ° 7". : L~.{0, 1} ~- ---* (E,~,~. (~)L ' ( /z , ) ) l  is an isomorphic embedding with 

tt(P,,° o To) - ' IU  => 0/2, 
(iii) i f  n, ~ n2 then Pa., ° T . , (x)  = 0 for all x e T.~(L~.~{0, 1}~-~). 

PROOF. For  every  n < to, using L e m m a  2.2 we choose  A.  C a ,  and  a family 

{A~ : ¢ C A.} such that A~, n A~ = O for  all ¢, g ~:2 in A. and for  A. = Neon .  A~ 

the m a p  

"&O Tn " (\e {EAnE ~) L~{0' 1}°'n) 1 4 ('y~n ~) L I(~'~'Y)) 1 

is an i somorphic  e m b e d d i n g  with II(e o T.)-'I/-1- -> O/2 and 
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Inductively we choose {~, : n < to} such that ~. E A. and if n, < n2 < to then 

A~., n M~. 2 = ~ ,  M~.~ N A~. 2 = Q where M~., denotes  the countable  subset of F 

on which the space T,(L~.{0, 1}%) depends.  

It is easy to verify that the sequences  {~, : n < to}, {ATo: n < to} satisfy the 

conclusion and the proof  is complete .  

2.4. REMARK. If for  the previous sequence  {~:. : n < to} we define an ope ra to r  

by the rule T ( x ,  : n < t o )=  Y~,<~ T , (x . ) ,  then it is obvious that T is an isomor- 

phism with IlYll-- 1 and IIT-~II-'_- > 0/2. 

2.5. LEMMA. Let  S be an extremally disconnected compact  space and 

{ U~, U : , . . . ,  U , , . . .  : n < to} be a sequence of  pairwise disjoint clopen sets o f  S and 

{A,, A: , . .  • A,, • • • : n < to} a sequence of  positive measure in M ( S ). Then there is a 

subsequence {U,,, U ,~ , "  ", U n , . .  . : K < to} such that A, (U~=,  U,~\ U~'_, U, . )  = 

0 for all n < to. 

PROOF. For  A C to we deno te  WA = U.EA U . / U . ~ A  U, A. Since S is extrem- 

ally d isconnected A O B = O implies that W A n  WB = O and obviously the 

same holds if A n B is finite. Let  {A~ : ~ < to+} be an almost disjoint family of 

infinite subsets of N. Then  for each n there  are at most countably many ~'s such 

that A , (WA, )~  0. H e n c e  there  is ~: such that A, (W.%)= 0 for all n. 

The  following result is conta ined in [2] ( theorem 5.1). 

2.6. THEOREM. Let  a be an to+ inaccessible cardinal with c f ( a ) > t o  and  

{x~ : ~ < a}  be a fami ly  o f  norm one elements  of  L®{O, 1} ~ with IJx~,- x~ll > 0 > 0. 

Then there is an A C a with ]A I=  a and a fami ly  {y. : n E A }  of  elements of  

L®{0, 1}" such that 

(i) for each n E A there are ~ ,  ~,~2~ such that y ,  = x ~ . o -  x~.z~. 

(ii) i f  q ,  . . ", c, are real numbers and n~ ~ . . . ~ n, are elements  of  A ,  then 

i = l  ~ i = l  ~ ~ i = 1  " 

2.7. LEMMA. Let  S be a compact  extremally disconnected space and X a 

complemented  subspace of  C (S ) .  Let, also, {at, a 2 , ' " , a ~ , " "  :n  <to}  be an 

increasing sequence of  regular to+ inaccessible cardinals and a = sup{a ,  : n < to}. 

W e  denote by P : C(S) - - ->X a projection onto X and assume that there is 

{U~, U 2 , "  ", U . , " "  : n < to}, a sequence of  clopen mutual ly  disjoint subsets 
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of  S, T :(Y,~'=,~)L~{ - 1,1}~)t--~X * isomorphic embedding 6 > 0  and 

{K~,K2, . . " ,K.,  " " • : n < to} such that 

(i) K .  is a weak ly  discrete subset o f  the unit  ball o f  L 1{0, 1} ~o with I Kn I = a~ and  

K. LI {0} is weak ly  compact,  

(ii) for each n < to and x ~ Kn 

Ip*or(x)l(U.)>a. 

Then X has a subspace isomorphic to l ' a  ~. 

PROOF. For each n < to  we choose a measure A. E M ~ ( S )  such that 

P* o T ( L  ' { - 1 , 1 }  °n) is contained in L~(An) and using Lemma 2.5 we fined 

{ U . , , U , 2 , . . . , U n , , . . . : K < C a }  such that A,(U~'=~U. . tU~ '=~Un,)=0 for all 

n <ca. For simplicity we assume that this happens for the sequence 

{U,, U 2 , ' - ' ,  U , , - . .  : n <ca}. 

Let n < ca fix and {x~: ~: < o~,} be a well-order onto the set Kn. Since for each 

< a., ]P* o T ( x ~ ) I ( U . )  > 6, there is an f~ such that 

(i) IIfTII--< 1, 
(ii) support (f~') C U,, 

(iii) f f~d (P *o Tx ~) > & 

Also, since the family { x ~ : ~ < a , }  is weakly discrete and has one point 

compactification, the element 0 ~ L ~{- 1, 1} '~o we have that for each ~ < an the 

set { f ~ : f f ~ d ( P * o  T x ~ ) ~  0} is at most countable. So using Hajnal 's theorem we 

pass to a A'.CA~ with /A ' I=  ct~ and for ~ :~  ~2~A. ,  

f n * n f ¢ l d ( P  o Txe~) = 0 

holds. Now, let T*:X- - -* (~ , '~=z~L~{  - 1, 1}~-)~ be the restriction of the conju- 

gate of T onto the space X. Also, in the rest, we denote by 

P . :  @ L ~ { - 1 , 1 }  ~o ~ L ~ { - 1 , 1 }  "o 

the usual projection. 

Using finite induction we choose a sequence {L~, L2 , . ' - ,  L~, . . . :  n < ca} such 

that IL, I = a ,  and with the following properties: 

(i) L.  = {g"~: o" < a,} where 

and for o'~ ~ 'rE ~ " " " ~ cr~ finite choice of index and c~, . . . ,  c~ real numbers 

211ell ~ Ic, I -< E ¢,g:, - 172 ,~ " 
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(ii) For  n > 1 setting 

/ .  = {~ <.or. : 3n~ < n and g2, E L., such that 

P. o T* o P(g"..,) depends  on the coordinate  s ¢} 

it follows that  

EToP. oT*oe(g:)=O 

(iii) For  n > 1 and n, < n we have that 

P. o T*op(g~)=O 

for  all g ~ E L.. 

for  all g ~ E  l.. 

Let  n > 1 and assume that for  all r < n, L,  has been constructed.  (The case 

n = 1 is similar and more  simple.) We consider  the family 

{P. o T * o P ( f ~ ) : ~  E A.} 

and we observe  that if ~1 # ~2, then 

IIP. o T*o P( f ; , -  f;)][ >- 
(,) 

>-If  fe,d(P*o T(x'~,))- f fhd(P*o T(X~l)) [ >t~. 

Also, since a .  > Ek< . a .  and a .  is regular  to ÷ inaccessible cardinal  there  is a 

A ' C  A.  such that IA'I = IA. I and for  ~1, ~zE A', r < n the following hold: 

(a) P.  o T*o  P(f~,) = P.  o T* o P(f~2), 

(b) ET. o P . o  r * o  p(f~,)  = E~. o p .  o T* o P(f~2). 

For  the family {P. o T* o p(f~)  : ~ E A'} we apply T h e o r e m  2.5 and we choose a 

set L .  such that [ L .  i = a .  and L.  satisfies the inductive assumption (i). F rom (a) 

and (b) it follows that L .  satisfies, also, assumptions (ii) and (iii) and so the 

inductive construct ion is complete .  
Let  {At : s e < a  ~'} be a subset of the set II .<, .L.  such that for  s e , < s e 2 < a  '0, 

i ( n  < to : A t , ( n )  = A e , ( n ) } l  < to. 

Each A t has the form 

{ g ~ , . . . , g e , . . .  : n < ca} 

where  g~, is suppor ted  by the clopen set U,. We  set & to be  the usual extension 

of the above  sequence  to an e lement  of C(S) such that &(s)=O for  all 

s E S \V-~,<~ u , .  We  claim that the family {Ps, : s e < a"°} is equivalent  to the usual 

l~a ~ base. In o rde r  to prove  this we remark  first the following auxiliaries: 
N 

(a) For  n < to and ~ < a " ,  denot ing g t ( n )  = g~ [ S \ U~=I U~ we have that  

P. o T*op(gt(n))=O. 
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In fact, let g, E L~{0, 1} %. Then  

f P.o T*op(g'(n))dlz = f g'(n)dP*o TOz ) 

= f g'(n)dtz,+ f g'(n)dtz2 

where  tz ,=P*oT(tz)tU,2,  U, and u~=P*oT(I~)Is\UT=~U, 
P*oTOz ) is absolutely cont inuous  with respect  to the 

g*(n)I(~-_~U~= 0 we have that 

f g*(n)d#2 = O. 

Also,  f rom the regulari ty of t~ we have that 

but 

29 

and since 

measure  h ,  and 

f g~dl~ = f g~d(P *° T(l~))= f p o T*op(g~dlz = O. 

The last equali ty holds f rom the inductive assumption (iii). 

(b) If x = a~lJM, + " "  + a.r lM, is an e lement  of L~{ - 1, 1} r and J C I, then if 

we set 

y = ~ {a, II~, : M,Z J}, 

[lyii_-<2[ix[[ holds. In fact, if 

E ~ : L ' { -  1, 1 } ' ~ L ' { -  1, 1}" 

is the condit ional  expectation, then y = (I  - EJ)  (x) and so 

Il y ll <- Il I - E ; ll . ll x ll <= 2 ll x ll . 

In o rde r  to prove  that the family {Pg~ : ¢ < a ' }  is equivalent  to the usual base of  

l ' a  '~ it is enough  to prove  that the family {T* o P(g~) : ~: < a ' }  has this proper ty .  

Let  ~ < ~:z < • • " < ~, < a • and r~, rz,- • -, r, be given real numbers ,  and e > 0. 

Then  there is n < to such that {g~:j = 1 , - . - ,  r }  are pairwise different and so 

there is a x E L I { -  1, 1} ~- such that ]ix 1]--< 1, x = alI1M, + . . .  + a~II~,  and 

r'e:° T* ° P(g~)dx > T~  , , 
i = l  -= 
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W e  set y = X{a~IIM, : M ~  L}. Then  by induct ive  a s sumpt ion  (ii) we have  that  

f P, o T * o p ( g ~ ) d x = f  P. oT*op(g: ' )dy  f o r a l l j = l , 2 , . . . , K .  

Also ,  g,, = E?=l g,*'+ g*,(n), so using the  p rev ious  (a) and  (b) we have  

II~=lr'r'°P'g'i)JJ~'~l'~lr'f VnoT*op(~lg:') 
f f l + 2 r ,  e .  o T * o p ( g ~ ) d y + ~ ' . r ,  P, oT*op(ge ' (n)dy  

1=1 j = l  

=~ r; Poo op(g~')dy >-~_~ trf_. ~ 

and the p roo f  is comple te .  

W e  need,  also, the  fo l lowing easy resul t  of the  ca rd ina l s  a r i thmet ic .  

2.8. LEMMA. Let a be a cardinal such that a > 2 ~ and a ~ > a. Then there is a 

cardinal [3 such that [3 is ~o ÷ inaccessible, c f ( / 3 ) =  ~o and/3~ = a ~. 

PROOF. W e  set /3 = min{y  : y < a,  y ~ _-> a}.  Since a > 2 '~ it fol lows that  

/3 > 2 ~ and /3 is co + inaccess ible ,  and  we easi ly  verify that  c f ( / 3 ) =  oJ. 

2.9. THEOREM. Let X be an injective Banach space and {a~ ,a2 ,"  ", 

an , " "  : n < oJ} be a sequence of cardinals such that l la ,  is isomorphic to a 

subspace of X for all n < oJ. Then setting a = sup{a,,  : n < w}, X contains 

isomorphically a copy of the space lla ~. 

PROOF. If  a < 2 ~ then the resul t  fol lows f rom R o s e n t h a l ' s  t h e o r e m ,  that  Hto 

is i somorph ic  to a subspace  of X[10] .  

Also ,  if a ~ = a then the re  is a no such that  a t = a. So we assume that  a > 2 ~ 

and  a ~ > a ; and  f rom L e m m a  2.8 we can cons ide r  that  a is o) + inaccess ib le  

card ina l  and  c f ( a ) =  ~o. Le t  {/31, f12,'" ", f t . , ' " :  n < ~o} be  a s tr ict ly increas ing  

s equence  of r egu la r  oJ + inaccess ib le  ca rd ina l s  with sup,<~/3.  = a.  S i n c e / 3 .  < a 

we have  that  11/3, is i somorph ic  to a subspace  of  X. F u r t h e r m o r e ,  f rom [6], see  

also [7] t h e o r e m  2.e.3, it fol lows that  11/3, is (1 + e ) - i s o m o r p h i c  to a subspace  of 

X for  all e > 0. So f rom [8] the re  is an i s o m o r p h i s m  

- 1  - 1  ~ 1 with I I T ] l = l  a n d l ] T  ll =~.  
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Let S be an extremally disconnected compact  space such that X is a 

complemented  subspace of C(S)  and P be a projection onto X. Let, also, 

{IX~ : 3' ~ F} be a family of finite positive pairwise singular measures in M~(S) 

such that 

For the family of operators  

we apply L e m m a  2.3 and we find sequences {~, : n < w}, {A. : n < ~o} such that 

the conclusion of Lemma  2.3 be satisfied. So if we set T = 2.<~ • T., A = 

(.J.<~ 4 .  then the opera tor  

is an isomorphism and for every n < w 

Let K. = {IIM : M E  ~ ( / 3 . ) }  be the weakly discrete subset of LI{O, 1} °" and 

since K.  U{0} is weakly compact ,  it follows that there is a measure A, E 

(E,~A° OLI(IX,))1 such that the set 

{p~op* o T(TIM): M ~ ~ ,  (fi.)} 

and the measure A. satisfies the conclusion of Lemma  2.1. Since the sequence 

{h. : n < w} is equivalent to the usual base of I~w from Grothendick 's  theorem, 

there is a sequence {U.,, U.~, . . . ,  U.. : K < w} of pairwise disjoint clopen subsets 

of $ and 6 > 0  such that A . . ( U . . ) > 6 .  

Applying now L e m m a  2.1 for every K < ~o we find K. '  C K.. with I K;. I = ft. 

such that for every l lME K.  ~. 

IP*o T ( I I . ) I ( U . . )  > 6. 

So from L e m m a  2.7 it follows that 1113 ̀0 is isomorphic to a subspace of X and the 

proof of the theorem is complete.  

An immediate  consequence of Theorems 2.5 and 2.8 it the following. 

2.10. COROLLARY. Let X be an injective subspaceof L~(IX ) for some finite 

measure ix with d i m X  = a. Then l~a is isomorphic to a subspace of X. 
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PROOF. If d i m X  = 2" then the result follows from the isomorphic embed-  

ding of l=to. 

If d i m X  = a > 2  ~ then either ot is to ÷ inaccessible cardinal, or there is a 

cardinal/3, to + inaccessible with cf(/3) = to and/3,0 _> a. So applying Theorems 

2.6 and 2.9 we get the 'desired result. 

Also, from Theorem 2.8 follows the next 

2.11. COROLLARY. I f  X is an injective Banach space with dim X = a and l tot 

is isomorphic to a subspace of X then ~ ~ = a. 

2.12. REMARK. From the last corollary it follows that in problem 7 of [9] (b) 

implies (a). In [1] we have also proved question (a) under the G.C.H.  Finally in 

[2] we have proved the equivalence of questions (b) and (c). 

2.13. REMARK. What  we need for the proof of Theorem 2.8 is that the space 

X is a quotient space of a space C(S)  with S to-complete space (i.e. there is a 

basis for the topology of S such that if {U~, U 2 , " ' ,  U n , ' " :  n < to} are basic 

open sets, then ~ Un is also open). 

2.14. REMARK. In the case where X is isomorphic to the space C(S)  for S an 

extremally disconnected compact  space, there is a complete  affirmative answer 

in Rosenthal 's  problem. In fact, recently Balcar has proved that every such space 

S can be mapped  continuously onto the space {0, 1} wts~ and so l 'a  is isomorphic 

to a subspace of C(S)  where a = w(S).  

For an arbitrary injective Banach space X with dim X = a we know that l la is 

isomorphic to a subspace of X, if X is isomorphic to a conjugate Banach space 

Y*. The proof of this result will appear  elsewhere. 

In the following theorem we summarize all the results which we know 

concerning the possibility of embedding l ta into an injective Banach space X 

where dim X = a. 

2.15. THEOREM. Let X be an injective Banach space with d i m X  = o~. I f  X has 

one of the following properties, then llot is isomorphic to a subspace of X. 

(a) X is isomorphic to C(S)  for some S extremally disconnected compact space. 

(b) Cardinals ot and cf(ot) are X (X)  inaccessible. 

(c) There is a bounded linear operator T : X --~ L ~(ix ) with i~ finite measure and 

(dim T ( X ) )  "~ >= a. 

(d) There is a sequence {/3~,/32," ",/3n, • • • : n < to} o[ cardinals such that ll/3n is 

isomorphic to a subspace of X and l-In<~,/3n > a. 
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(e) X is isomorphic to a conjugate Banach space Y*. 
(f) There is a weakly compact K, subset of X*,  with (dens. K )  ~ = or. 
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